JE RO R 2 27 4l (A AR B ) 2023-12
914 Journal of Beijing Normal University (Natural Science) 59(6)

SN e DFERFRIERIESE)

" REA

(AL EITE K2 B £, 100875, JLET)

WE N T HIER TR S R B sh ek T s s o, ST S R s e i 2 T 75 e B I AR

LR

KB w4 s B W2 07 07 AR - B e T

FESES 04142

SR AL ) S (BN T 24 05 A e AR AR T E A (T
ST B RN ) 4 L R SR AR AR X I [ A
Vs ORTTEE  A K Sl i P Biil 2 N R B9 A QA Y 7y
X I TR B — B 5 80 B g B A S L IR, e i g
4 JE AR Bl g 2 07 el O B R T R OISR e AR
X B (6] i R B 9 S 50 . R s, A
A ) SCAR A | SO JEE RIS [ ) e R, AN
J7 AR AT ] B S R g B S R A
ESOWIE S IE NI P 28 S BIER ) EXI DI AL S &
Z P8R 122, AN Sy P B, AR SCRR Z O — B
gy 1. BV R A A, N2 AR E T ke
JE NGB, AR SCRR 2 0 R ah 1o R IR AR
BHYIAR, e R BN R BT 45 0E T s st
Bmpa], nl AUE B, 25 0 %E 35 B8 0 B 00 die /DN N ) )5
T8 R T 3l TR AN TR IR, T vk W 5% 30 R ) R A i A, B
TC LB BB RN . eI, DA ) 27 45 Hh R 4508
st I EST VRS & SN TR S U ke U ER o]
W 28T W YRR R B, R AR
BT, 12 s ML B SE 45 & 0 L 218 ) o 0.
ARPRSE B S, AR 72K 9 %, 2 B A 8
R, G O 2 1 A, AT FE 808 A bR il A BT B -
ZAET WA, BRI 2R T 2, BRI SE 3
AR R U, — > FAR BRI, 7 B R A 23 i) R
5 B AT R R A A AR X N T A4 = B 5
a5 R S A I . 3 R B RO TR A2 AR Y
JUBE J2 AT LA 220 1, ELFE R SOWMLEE i R R b, T RE
SR, T6F T HI R A L i B 24 AT HE R SO
(anms o) 424 1 T e R B AT 5.

* R HRRLF 4 P B H (11975050 )

DOI: 10.12202/j.0476-0301.2023187

FRATHE F A2 A o T B[] 1) e B (=B sl DA 1)
SEG BN ) 2 7 R T IR 0 R G R AR ks B B 2
ARG . X mE B sh g1 R8s ] L e B 3
Ostrogradsky!. fib i~} T Fik& B B AL & AR bR X
1] F — i R o i B R AR O iz 1 31 ) 2%
AR ke Y i O 1 i3 R e A A= Y T - I
Op A AR T i Sl N MR = %2 W BRI
FE M. Lorentz, Abraham FlAk $i7 5w i+ 38 T 4 & 58 5 1)
HL 32 31, B0 AL A bR Xof I 8] B = i S A gk
P78 i) B, T3z 3 PRI 9 Bhabha #E ) K fli ik th T iz
M. SR FE ST T KA vE B 5 B AT Bhabha H 5 2
WA & 7 MPL Pais Fll Uhlenbeck 138 T H MU B
T3 T7 PR AR 04 4 A5 TR LA R g 3 sy %3 o 114 7 11,
PR R eE e A S A G G R B (e~ 3 i I} oS
F 3 T i Ostrogradsky J7 ¥2: 1 Pais-Uhlenbeck J7 # &
AR, R RSN UL S s A
Y HIF 5% 8 AR 1 9k 3 JR B Podolsky | X HL Bl Sy 2R B0
Polyakov @B5Z 3!, &2k fiy5] 13 | Timoshenko
e HEJRE Y| Starobinsky Rk ELISNS 45,

20 et w), B2 T8 8 1 — A O Bk A R v AR
A WKL 1912 3, 1Z 07 B PR R B 2 07 O B A —
AIEOT, M2 B LLRR A

m((jl—;zF—,u%+n(t), ep
A x FTonAE IR F 097 B ¢ s B IR]; m 3R s L
T I ; —pudx/de s R 52 BRI FHLE T F 3%
TN 32 B M AN ) O B AR BELE ) —pd/de) ;
(1) Fe 78 WA 53 —F XoF A BDRE Bl 15 A BE ML ) . 38 AR

tAEIERS: A (1977—), WA, #z. W57 : Big Y . E-mail: tuze@bnu. edu. cn

W dR H 9. 2023-03-15


https://doi.org/10.12202/j.0476-0301.2023187
https://doi.org/10.12202/j.0476-0301.2023187
https://doi.org/10.12202/j.0476-0301.2023187

WA =W 8h 2k T 0 A Bz Bl 915

(n() =0, 2

L =S 3

M @On(s)) =2pksT65(1 - 5), (3
K kg BBEH 22 N T T RN EE; 602K
Frve o PREL. B2 2 JE T A i A e A L
D7) . ey ATOUE B 5t B2 0 O /8, 5] T AR
22 H 6, b A ARV TR & Zwanzig
J7 500, % T %8 92 Ford 5P T AR RYHE) RN Ak AR AR .
Zwanzig % & — >l o m R T B TR TGO
o R SR T AR A O TR T AOA I R
JEN T H- 222 50 A, xR 2 &0 e,
Zwanzig F i1 TR 1z S 2 W2 #E (1), HH
rh R IR RS R T R (2) F1(3). DNEEIR R JRE Y AR R
F, Ve SiE R T RIS EG 00w B 3 1 2k s B
7R T a M E . FATH X — B AE it ie &
B 3 1 R A W iE sh B SE Rl . AEA SO, FRATR S
0B 1R B Bl 2R W W 22 0 O R R G N A AR - B
TR

1 SMEIh=
AREEA4 Ostrogradsky X &1 ¥ 2l 7127 a Ak #7720,
KT RGRTE, ZERADSAREMNRSE, Hx£Zxr)
XA bR R E RGP E H =0l LLR R
L=L{tx,x,,,Xx), (4)

K x, Tm x WEFE c S n Y S8, n=0, 1, 2, -,
N, 295 x, = x. 348 433, a DL Y AH N A8 7% B
H 7 # 0

([ d\ oL
EX—E)EZ_O. (5

S LB R
N k-n-1
d oL
= -— = 6
”k;(m) ox,’ ()
:thjn:(L 1’ ) N'1’¢$j‘;u7~%¥ln:()ﬁtj"
N k-1
d oL
= —_—— -—, 7
Po kz_;( dt) 0x; ()
AMEF
dp, 5 d\) oL
0
e e 8
dr Z( dt) ox, R

T T A 1 e . EC(6) L n = N-1, 7] LA

155
OL(t,x,%,, ,Xy)
Oxy ’

Pn-1 = (9)

e £, a8 X (9) AT LR xy, By Ron A S
xN—]%upN—l E/‘Jlglﬁ

t’ X, X1y Xy t00y

'xN:¢(ta-x’-xl""7-xN—I7pN7])- (10)
T 3 o L A 8 T AR B e o

H = pox;+pi X, + pyXs+ -+ + pyoaXy g+

DXy — L(t,x, %1, ,xn), an
Ay i (10) &5 i, PRI, W 3 I /2 1, x (= x),
xlv x2’ Tty xN—I’ p07 plv pZ’ ) pN—lE‘JE‘%’&e

2 EEMshh=EmBHZzARE
EART Y, ATV T Zwanzig TR, &
T B sh S I 2 T 5 R
Z e i By Bl S 2k iR IR TR A B R
g, Hg i 2R N

H=H+H,, (12>

s H=Ht,x, X0, Xy, Po, Pis oo s Pua) 22 7 151 B 3
J12E R B A B (3 11); Hyf & I8 il iR 7
FR e 2 1 i B HG 55 v B 2 0 2R T RO R RE S A
YEHT, AT LA 7R Ry B

1 Vi ’
HB:EZ/[Pi-’-wi(Qj_J?x)]’ (13>

A (13) B 2 BOE IR 7 5 8 AL R . O PR
IR TR SCARBR AT OB i o 2 I IR T 00K
Y, IR T 5 B Bl ) SR R S R

=NV AWN TS T g M G|

dQ, oH
=__-p 14
dt oprP, 7" (4
ap,  oH
& Tag, T e (1
dx, OH OH
e A 16
dt  dp, Op, (16

dp, OH  OH
W T Tax, a0

By (14) Fn(15) Al LR

_y_,.(Qj—l‘;x). a7
J w

J



916 LRI A2 2 4 (A AR 2 i)

5559 &

sin w;t
Q;=0;(0)cos w;t+P;(0) +

J

ﬁj’dsx(s)sinwj(t—s)_ (18)
w]- 0
B2t (18) I J5 — T HEAT 40 25 B4, 1551

0,- —x—[Q,(O)— —x(O)}cos w;t+

sm (U t
P,(0) —L f dsx, (s)cos w;(t - s).
w;

’ (19)
BN FRAS(17), HEE n=0 LI R(11), 153

dp, _OL
dr ox

AP R EK (A& (0 9 FR o5

- j;dsK(r — 9 () +E(), (20

2
K@) = ZjZTgcos wit, QD
J

smwt

£0)=) 7P, (0)—

ij, [Q, 0) - w—gx(O)} cos wit. (22)
B8R ARK(20), 157
i@%@L
— dr) ox,
FATH R 23 PR A S B sl 15 my T Z T3 5 .

fBUE PR W IR AL TR T 0P 15 25, 70 A1 eR &R
i 12

f;dsK(r— In()+ED=0.  (23)

peq(Qj (O)’Pj (O)) o« ein/kBT, (24)
NG

Uﬁw»=0«me—£%ﬂ®>=Q (25)

<Pj )P, (0)> = kBTéjk’ (26)

<[Q, 0)- —X(O)] [Qk 0)-= (0)]> QD

<Pj ©) [Qk 0)- §X(O)]> =0, (28)
(25 AR (22), FATH

€@ =0, (29

I a5 32 5 05 e (1) v e s 30Tl 2 19 3 (2) AR [

R (21) (22) F1(26)~(28), 7] L5 F] ik 7% -FE 1
el
(EMDEE)) = ks TK(t - 5). (30)

XF TSGR L, MBOE 15 5% N g (), X (21)
HuF R SRATAT DU B B eRECK (] DL — 2
e V|

)coswt 31)

&, W= 3~

K(r) = f dwg () L
R g(w)IE T o?, Hv(w)jv i
ArehH
K(t) oc 0(2); (32)
an S HCE I R BN 20, B K (1) = 2u6 (1), W)X (30)
AR H
(EDE(S)) = 2uksTO(t — ), (33)
A EXG)EAHMFEMIE . ek E2 R
B, HYs# 0, 6(t—s5)=0, KL

f;dsa(t— $)x (s) = jmdsé(t— $)x (s) =

%f:dsé(t— $)x, () = %xl 0, (34)
XEER(23) 1L TE R
N d\ oL

;(_5)6_ ux + &) =0. (35)

FeA 14 2 (35) Bk o & w8 B 3l Sy 22 i Bk X2 7
J5 . MRS T R0A% BT H J7 #E (5), B 1 BH JE I
—px, F R I E (). AR TR 2 5 5 B (1), 6

md2x /AP R T —Z(—d/dt)"é)L/&xn( B dp,/de), ¥ 71

FHRT OL/oxe.
VE M), RATITE N=1 15 TE, tLatsh J72¢ 2
3 TS G — B 5 1% (R 0 2. e L=

(m/2)x; = V(t,x), T = F x, = dx/deLh S x, = x, H(35)
CIRYES
&x v
- E—a— —+§(I)_ (36)

Xt T AHESF =-0V/ox, 2.(36) [l 2 JE B 2 )7
(1),

3 EMEsIHEMENER-EREEE
FEARSP A SET 1o o, A7 5 12 07 7R (36) 3

V7 4 o - B 5 5 A, T D R AR S TR) 4 43 A R A
A A AT . AR B R A T B B ) R S



5 6 1]

WA =W 8h 2k T 0 A Bz Bl 917

7 2 (35) % 7 1) 48 e - B 78 5 R
Mg (16). (17). (20)F1(35), A] LG H A=
] (T} =

{(Xo5 X153 X135 Pos Pist s Pye )}EF' Bk 1 3 fk
i
dx,
E = Xy+1» (37)
dp, OL
—r _ _ 3
dt aXn pn—] +6n()§(t)’ ( 8)

ZHr=0,1, 2, ---, N~1. Z£X38)H, MO &4
%plzﬂxl’ HXNHZI—E(H))%:Z%

PLf@,T)dT R b F7E A 25 0] X T =T +dlC
B AE R MRl L ST E O R, AT LA F) 2
Z[a(Xf) 3(pf)}’ (39)
2 &, = do /A R pa=dpa/de Fi) F 5K (37) F(38),
AR (39) G A
oL
_:_Z{ (xn+]f) |:(B_Xn_pnl)f:|}_
f(t)—f (40)
B f X M S A28, RIS B AR 25 [6] 1) 43 A1 PR AR
pt.D) = (f(1,D)),. (41)

175 B8 Reichl M\ B 2 7 J7 #2 5 HH A o -5 B e A 1 S
% 2 B 2K (40) A (41) FT LS & S B sl J1 2 B W =2
T35 2 (35) [ s &5 52X (37) A1 (38) ] Xy ) 48 g -3t
I 5 5 AR

8p_ T 62,0
ot MKp 60

Z{ (x+1p)+ 0 [(aL —p,,l)p}}. (42)
= op, [\0x,

n

YER RG], 1t N=1 BT, N 3h )22 23R4T
PR B) ZBr 3h g2 (R AR ) 2% ) BE L= (m/2)x)—
V(t,x). A (9)15 3| p, = mx,, 8 x, = po/m, p_; = ux, =
upo/mUh M L= p2/2m—V(t,x). AT (42)75 3]

2
9p _ _pdp 9 [(av “p")p}kaTa—p, (43)

ot mdx  0Op, |\ 0x Py’

I B (36) %68 iz A i e -3t B oy AR 0,

4 [E#L Pais-Uhlenbeck #fxF
YE J 4 7, A1 7% JE Pais-Uhlenbeck #k 7 15

I ISR T IR A .
Pais-Uhlenbeck $E F I Hi & B H & 1] L) 3 7R o 10

L= )2/[)62 (W + W) X+ wlwix], 44

X YRR, R o o, MR 2 (44)
B L XN T N=2 RS, sh 12 i 2 Ry, Fa(44)
A (35), 153

4 2

X d’x dx
Y F+(wf+w§)¥+w?w§x —#ahf(f):O, (45)

2 (45) BEAL S T BHLJE 0 -ude/de, d1 A4 75 T M I & ().
FATHR: X (45) 5 & 19 IR + F% S~ B Bl Pais-Uhlenbeck
R+

W ZE & T A1, Nesterenko fix F i+ 18 T AN A2 & FHJE
Iji #¥) Pais-Uhlenbeck & ¥, 1M} Urenda-Cazares &5 A i3}
W T & MR 75 I Pais-Uhlenbeck 4% 2, Aih 7] i 52
5 TR R B 7 R, (A N TEOU b 4 A S FR
TSR AN TiX— A

W AE X (/R F p=Yr, 8 x=p/YU N L=

5} g (WP — (WP +w?) 2], 18 A=K (42)75 5] B L

Pais-Uhlenbeck #ig F % v FY 48 5. -3 B 5 7 2 R

dp
PPy i
o= Vo ¥ oy, Y@ o) 5
8p &
[¥ (02+2) %, + po] o+ paky T (46)
ap, dpo

HWIER (11) 7] LS H Pais-Uhlenbeck 47 T 1 I %5
i 15 A

Y 2.2
2Y 2[(a) + W) X —wlwix’]. 4n

ANHEY L, B H- 2% 2 I3 i p, oc &R I AR 5T - 1]
vEJT RS, DR, S I e (H) R A, 151)39}(
FAAERRZS I3 p, oc e T 2 T IX A 73 A 2 B fa

Zpt— PR

5 Z5ip

RIS T 54k T HRIR A 1Y = B sh 11k
T it R, S T & & =W 2T 5
(35) B XTI 1) 48 5 -3 B v 5 2 (42) . AR R 5, 3R
fI17% & T Ffi L Pais-Uhlenbeck 4z 7, %5 1 AH 1 19 B
Z 07 J5 B2 (45) R HGT I 14 i e 38 B3 52 7 72 (46) . X
S5 AR AT LAAE SR B 9 B Bl ) 2R A i Bl A
K. TR ERE B, fE LR e, #5 HOR g
PRF 1930 1 2# A IH 2 B Y. an Sk i iR 7 0 3l
240 8 = B A, 91 4N 4 B Pais-Uhlenbeck # -, [ iR 4%

H = pox, +



918 LRI A2 2 4 (A AR 2 i)

5559 &

REGIIHAT DL EE, 75252200, b, A 30X
e THHBERSE. X T2 AHREHE, KXW
e R BRATI IR A L, DG DT 72 (35) A (42) iy IE Ok 47
ANAE, HUs SR i ) AR BR AT S B  E BR
s HIAT.

BE L AR T 2 02 0T A R R Al R /N R G AT 2 AT
SR AT AR BT ST Il S Bl LB Ty 2R e
T T H A 2Z 7 J7 B8 (36) S HX R () v -3
BASE 7 R (43) M, 2 . B R R AR f e . AR
SCH T E By Bl 1A W W 2 T3 5 AR e G R AR
b - B v R TR AR, K A 1Y BEALE )
A0 R B E B s 1 I, & oA I E R TR
L RO METE T far s 2 e L. A . X REAIL
I TR AR R R T W2 07 O AR RN AR v - B v O R A
AT LA B AR R e i . FRATT 1 B 3, Kleinert 112
T Pais-Uhlenbeck iz + [ % 15 £ 43 [A] #8127 Dean 556 A
TS T U B 5 B 3l 77 2 1) B A2 R 43 T 0L, HE 5
2MEIE T, AT LATS BIAL 56 1 B9 i b7 il . S — i
T ME LS 2 A A A, (ER AT TH AT DUGE F S AR AR 43 SR
T, % S B gl 015, Rt R BEALIA T 2 HE AL FRATT
PAE G 2 TAE i — 2 iR — ] .

g R RAEFL AR XFRBEERE L.

6 SEuk

[1] OSTROGRADSKY M V. Mémoires sur les équations
différentielles relatives au probléme des isopérimétres [J].
Mémoires Académie Saint-Pétersbourg, 1850, 6: 385

[2] ABRAHAM M. Theorie der elektrizitit: elektromagnetische
theorie der strahlung [M]. Berlin: Teubner, 1905

[3] DIRAC P A. Classical theory of radiating electrons[J].
Proceedings of the Royal Society of London Series A:
Mathematical and Physical Sciences, 1938, 167(929): 148

[4] BHABHA H J. Classical theory of mesons[J]. Proceedings
of the Royal Society of London Series A: Mathematical and
Physical Sciences, 1939, 172(950): 384

[5] skokz. By diagh )], Lt Rss A4 (A 2R/
), 1956, 1(1):1

[6] PAIS A, UHLENBECK G E. On field theories with non-
localized action[J]. Physical Review, 1950, 79(1): 145

(7] BRESEE. & A 5 UL 1Y 1 B8 [J]. B3k, 1958,
14(4): 300

[8] PODOLSKY B. A generalized electrodynamics part I: non-
quantum[J]. Physical Review, 1942, 62(1/2): 68

[9] PODOLSKY B, KIKUCHI C. A generalized electrody-
namics part Il : quantum([J]. Physical Review, 1944, 65(7/8):
228

[10] POLYAKOV A. Fine structure of strings[J]. Nuclear

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Physics B, 1986, 268(2): 406

STELLE K S. Classical gravity with higher derivatives[J].
General Relativity and Gravitation, 1978, 9(4): 353
SIMON 1J Z. Stability of flat space, semiclassical gravity,
and higher derivatives[J]. Physical Review D, 1991,
43(10): 3308

HAWKING S W, HERTOG T. Living with ghosts[J].
Physical Review D, 2002, 65( 10): 103515

MANNHEIM P D. Alternatives to dark matter and dark
energy[J]. Progress in Particle and Nuclear Physics, 2006,
56(2): 340

TIMOSHENKO S P. LXVI. On the correction for shear of
the differential equation for transverse vibrations of
The London, Edinburgh, and Dublin
Philosophical Magazine and Journal of Science, 1921,
41(245): 744

BENDER C M, MANNHEIM P D. No-ghost theorem for
the fourth-order
model[J]. Physical Review Letters, 2008, 100(11): 110402
BENDER C M, MANNHEIM P D. Exactly solvable PT-

Hermitian

prismatic bars[J].

derivative Pais-Uhlenbeck oscillator

symmetric ~ Hamiltonian
counterpart[J]. Physical Review D, 2008, 78(2): 025022
DE MEDEIROS W P F, MULLER D. On the order

The European Physical Journal C, 2021,

having  no

reduction[J].
81(3):231
Langevin P. Sur la théorie du mouvement Brownian[J].
Comptes Rendus de 1’Académie des Sciences, 1908,
146(3): 530

ZWANZIG R. Nonlinear generalized Langevin equa-
tions[J]. Journal of Statistical Physics, 1973, 9(3): 215
FORD G W, KAC M, MAZUR P. Statistical mechanics of
assemblies of coupled oscillators[J]. Journal of Mathe-
matical Physics, 1965, 6(4): 504

{5 AR, MR T FERUR S BEALE T 25 (M), b
AU B R, 2009

REICHL L E. A modern course in statistical physics[M].
New York: Wiley, 1998

NESTERENKO V V. Instability of classical dynamics in
theories with higher derivatives[J].
2007, 75(8): 087703
URENDA-CAZARES E, ESPINOZA P B, GALLEGOS
A, et al. The noisy Pais-Uhlenbeck oscillator[J]. Journal of
Mathematical Chemistry, 2019, 57(5): 1314

SEKIMOTO K. Stochastic energetics{M]. Berlin: Springer,
2010
SEIFERT U.
theorems and molecular machines[J]. Reports on Progress
in Physics, 2012, 75(12): 126001

LI G, TU Z C. Stochastic thermodynamics with odd

Physical Review D,

Stochastic thermodynamics, fluctuation


https://doi.org/10.1103/PhysRev.79.145
https://doi.org/10.7498/aps.14.300
https://doi.org/10.1016/0550-3213(86)90162-8
https://doi.org/10.1016/0550-3213(86)90162-8
https://doi.org/10.1007/BF00760427
https://doi.org/10.1103/PhysRevD.43.3308
https://doi.org/10.1103/PhysRevD.65.103515
https://doi.org/10.1016/j.ppnp.2005.08.001
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1080/14786442108636264
https://doi.org/10.1103/PhysRevLett.100.110402
https://doi.org/10.1103/PhysRevD.78.025022
https://doi.org/10.1140/epjc/s10052-021-09020-z
https://doi.org/10.1007/BF01008729
https://doi.org/10.1063/1.1704304
https://doi.org/10.1063/1.1704304
https://doi.org/10.1063/1.1704304
https://doi.org/10.1103/PhysRevD.75.087703
https://doi.org/10.1007/s10910-018-0966-6
https://doi.org/10.1007/s10910-018-0966-6
https://doi.org/10.1088/0034-4885/75/12/126001
https://doi.org/10.1088/0034-4885/75/12/126001

%561 WA =W 8h 2k T 0 A Bz Bl 919

controlling parameters[J]. Physical Review E, 2019, 100: Journal of Mathematical Physics, 1986, 27(12): 3003

012127 [30] DEAN D S, MIAO B, PODGORNIK R. Path integrals for
[29] KLEINERT H. Path integral for second-derivative higher derivative actions[J]. Journal of Physics A:

Lagrangian L= (k/2)i*+(m/2)x*+(k/2)x*— j(T)x(T)[]]. Mathematical and Theoretical, 2019, 52(50): 505003

Brownian motion with high-derivative dynamics

TU Zhanchun

( Department of Physics, Beijing Normal University, 100875, Beijing, China)

Abstract Brownian motion with higher-derivative dynamics is investigated in this work. As a model, we
consider a particle coupling with a heat bath consisting of harmonic oscillators. Assume that motion of particle
without bath is determined by a Lagrangian L = L(¢,x,x,,---,xy) where x, (n=1,2,---, N) is the n-th order derivative
of x with respect to time ¢. After integrating variables of bath, we derived a generalized Langevin equation for
Brownian motion as follows:

N n
d\ oL
Z(_d_t) ox, M +&(@) =0,

n=0
where p represents effective constant of viscosity and &£(¢) is Gaussian noise. Note that we set x, = x in the

above equation.
6L(ta-x7x17' o st)

Define py., = o From this equation, we can solve x, and express it as a function
Xy =@(t,x,x,, -, py_1). The Fokker-Planck equation corresponding to generalized Langevin equation is derived, which
may be expressed as
N-1 2
% =- Z; {aixn (X,10) + aip,, [(g—i —pnl)p }+ﬂkBT%,
where p = p(t,x,x1, -+, Xy_1, Pos P15+ » Pn-1) 1S the distribution function in phase space. T is temperature of the bath.
Note that we set p_, = ux, and replace x, with a function of #,x, x,,---, py_, in the above equation.

As an example, we consider Pais-Uhlenbeck oscillator whose Lagrangian is
Y
L= E[xg — (W + W) X+ wiwin’],
where Y is a constant, and frequencies w,,w, are independent of time. The corresponding Langevin equation and

Fokker-Planck equation are

d*x d*x dx
Y T +(a)f+a)§)¥ + wiwix Ky +£(@) =0,
and
dp dp p Op ) dp ) dp Fp
5 N Yox (Ywiwix —pux,) a +[Y (Wi +w3) x, + po] anm +#kBT_6p02 ,
respectively.
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